We consider a (2q + 1)-dimensional smooth manifold M equipped with a (q + 1)-dimensional, a priori non-integrable, distribution D and a q-vector field T = T 1 ∧. . .∧T q , where {T i } are linearly independent vector fields transverse to D. Using a q-form ω such that D = ker ω and ω(T) = 1, we construct a (2q+1)-form analogous to that defining the Godbillon-Vey class of a (q+1)-dimensional foliation, and show how does this form depend on ω and T. For a compatible Riemannian metric g on M , we express this (2q + 1)-form in terms of T and extrinsic geometry of D and normal distribution D ⊥ . We find Euler-Lagrange equations of associated functionals: for variable (ω, T) on (M, g), and for variable metric on (M, D), when distributions/foliations and forms are defined outside a "singularity set" under additional assumption of convergence of certain integrals. We show that for a harmonic distribution D ⊥ such (ω, T) is critical, characterize critical pairs when D is integrable and find sufficient conditions for critical pairs when variations are among foliations, calculate the index form and consider examples of critical foliations among twisted products, Reeb foliations and transversely holomorphic flows.
Introduction
The Godbillon-Vey cohomology class gv(F), which occurs in algebraic topology, differential geometry and their applications [24] , was defined first for codimension-one foliations as a 3-cohomology class. It proved to be one of the most interesting characteristic classes associated to a foliated manifold. Its non-vanishing tells a lot about the dynamics of the foliation, e.g., implies the existence of resilient leaves. The Godbillon-Vey class has been the subject of numerous publications by most prominent topologists interested in the foliation theory. It is known that the Godbillon-Vey invariant is non-rigid, and in [18] we studied the Godbillon-Vey invariant from the point of view of the variational calculus. Then gv(F) was extended for foliations of codimension q > 1, [5, 13] , and the paper generalizes the variational approach for such foliations.
If a codimension q > 1 transversely oriented foliation F of a closed manifold M is defined by the equation ω = 0 for some nowhere zero q-form ω, then gv(F) is the de Rham cohomology class of the closed (2q + 1)-form η ∧ (dη) q , where η is a one-form obeying dω = ω ∧ η. The integrability condition for the tangent distribution T F = ker ω := {X ∈ T M : ω(X, . . .) = 0}, implies the existence of such η, while gv(F) does not depend on the choice of ω and η. The Godbillon-Vey class measures some sort of "twisting" of the leaves, and it plays a crucial role in topology and dynamics of foliations, see e.g. [5, 11, 14, 20] and [15, Problem 10] . The complex Godbillon-Vey class, defined for transversely holomorphic foliations of real codimension 2q, is often referred as the Bott class. If a smooth map f :M → M is transverse to F on M then gv(f * F) = f * gv(F), thus concordant foliations have the same Godbillon-Vey classes. When dim M = 2q + 1 we get a Godbillon-Vey number:
There exists one parameter family of foliations on S 3 with the Godbillon-Vey number taking all values in an interval (for the particular Reeb foliation this number is zero), hence gv(F) is not a homotopy invariant. As in the codimension one case, the Godbillon-Vey number (1) is nonzero for various examples, and can even take on a continuum of values. Variations of (1) under deformations of F have been studied in [1] . Our variational approach differs from one mentioned above. In our earlier work [18] we defined a Godbillon-Vey type invariant for a pair consisting of an arbitrary, a priori non-integrable, plane field D and a transverse to it vector field T on a Riemannian manifold (M 3 , g), studied its dependence on D, T and g, found derivatives of the functional, characterized critical 2dimensional foliations for different types of variations, proved sufficient conditions for critical pairs when D varies over integrable plane fields (foliations), found the index form of our variation problem, provided examples with Roussarie and Reeb foliations and twisted products. Non-integrable distributions (subbundles of the tangent bundle T M ) appear in many situations, e.g. on contact manifolds and in sub-Riemannian geometry. A codimension q distribution D can be defined by a locally decomposable q-form ω, that is ω = ω 1 ∧ . . . ∧ ω q for some one-forms ω i given in a neighborhood of a point x ∈ M . Indeed, let g be any Riemannian metric on M and T i (1 ≤ i ≤ q) a local basis of the distribution D ⊥ normal to D. Then locally D = ker ω, where ω = T ♭ 1 ∧ . . . ∧ T ♭ q . The "musical" isomorphisms ♯ and ♭ "lower" and "raise" indices of rank one tensors on (M, g).
A distribution is framed if its "normal bundle" T M/D is endowed with a trivialization. In this paper, we consider a manifold M 2q+1 equipped with a (q + 1)-dimensional distribution D and linearly independent vector fields T i (i ≤ q) transverse to D. Hence, D ⋔ = span(T 1 , . . . , T q ) is a smooth distribution isomorphic to T M/D. Our framed distribution D can be represented by a decomposable q-form ω = ω 1 ∧ . . . ∧ ω q , where ω i are (not uniquely defined) one-forms. Indeed, there exists a compatible Riemannian metric g = · , · on M , i.e., the above vector fields T i (i ≤ q) are orthonormal and all are orthogonal to D. Denote by Riem(M, D, T) the space of all such metrics. Given compatible metric g, set
For a decomposable q-form ω representing D, one may assume the following normalization:
In fact, a pair (ω, T) or (D, T), where D is represented by a decomposable q-form ω satisfying (2), is the main geometric structure considered here. We build a 1-form η depending on (ω, T),
which is analogous to that defined in [18] for q = 1, and study the functional
In a sense, our one-form η arises from the best approximation of (q + 1)-form dω by the wedge-product of ω by a one-form, see Section 1. We provide variational formulas related to our construction and deduce Euler-Lagrange equations of (4) for variable pair (ω, T).
If M is open, one may integrate over a relatively compact domain G of M , containing supports of variations of (ω, T) or a Riemannian metric. Following ideas of [4, 23] , we consider singular foliations, distributions and forms, that is those defined outside a "singularity set" Σ, Σ = {a finite union of pairwise disjoint closed submanifolds of codim. ≥ k} under an assumption of convergence of improper integrals M β p dV g for suitable (dim M −1)-forms β defined on M Σ and some p satisfying (k − 1)(p − 1) ≥ 1.
The fundamental question is: What are the best almost product structures on a manifold? Such pairs (ω, T) (of the above question) are proposed to be among critical points of (4). We show that (ω, T) is critical when the distribution D ⊥ is harmonic (with respect to compatible metric), characterize critical pairs when D is integrable and find sufficient conditions for critical pairs when variations are among foliations, calculate the index form and consider examples of critical foliations among twisted products, Reeb foliations and transversely holomorphic flows. We hope that the theory presented here can be used to deepen our knowledge of foliations as well as of topology of manifolds.
Construction
The Lie derivative of differential forms along vector fields can be generalized to a Lie derivative of differential forms along multivector fields, defined as graded commutator between the exterior derivative d and the respective contraction operator: for a multivector X = X 1 ∧ . . . X r on M , see [7, 8] ,
where ι X α := α(X 1 , . . . , X r , . . .). This leads to the relation dL X = (−1) r L X d.
Lemma 1. Let T be a q-vector on M and α, β differential forms. If deg α+deg β > dim M +q −1 then
Then setting T = T ∧ T q and using induction we get
proving the claim.
Given g ∈ Riem(M, D, T), consider in the space Λ 1 (M ) of one-forms on M the subspace ω ⊥ = {θ ∈ Λ 1 (M ) : θ(T i ) = 0, 1 ≤ i ≤ q}. Consider also, in the space Λ q+1 (M ) of (q + 1)-forms on M the subspace (R ·ω)∧ ω ⊥ of all (q + 1)-forms ω ∧ θ, θ being a one-form of ω ⊥ . Now, project dω orthogonally onto the subspace (R · ω) ∧ ω ⊥ . The projection (dω) ⊥ has the form ω ∧ η with η belonging to ω ⊥ . Such η is unique.
Proposition 1. The one-form η does not depend on a compatible metric g, and is given by (3), or equivalently, η = (−1) q−1 L T ω.
Proof. The g-orthogonality dω − ω ∧ η ⊥ (R ω) ∧ ω ⊥ means (dω − ω ∧ η)(T, X) = 0 for any X ∈ D; thus, ι X (ι T dω − ι T (ω ∧ η)) = 0 for any X ∈ T M . Using η(T i ) = 0 and (2) we get (3).
The (2q + 1)-form η ∧ (dη) q represents the Godbillon-Vey type invariant (2) of a pair (ω, T). Since all the vectors uniquely decompose into D ⊥ -and D-components, there are 3 special cases for another pair of the same sort, (ω, T), satisfying (2):
(i) T is parallel to T andω is parallel to ω,
(iii) T i = T i andω = ω + µ for some q-form µ such that ι T µ = 0. Notice that the distribution D is preserved in cases (i) and (ii).
Proposition 2. The number gv(ω, T) does not change when we modify (ω, T) as in case (i), that is
Proof. Denote a function c on M by c := det C = ε j 1 ,...,jq C j 1 1 · . . . · C j. In this case, (ω, T) obeys (2):
By Proposition 1, using conditions T i (c) = 0, we find 
A distribution D is called totally geodesic if Sym(h) = 0 (the symmetrization of h), harmonic if H = 0, and totally umbilical if Sym(h) = g |D ·H.
There exist many examples of distributions and foliations with such properties. Assume that the mean curvature vector
Proof. Using formula for the exterior derivative of a q-form, we get for X ∈ D and
. . ∧ T q , and as usual the hat over a symbol denotes its omission. For X ∈ D ⊥ this is obvious. Thus, (5) follows. Similar calculation for dη(X, Y ) and (5) yield (6) .
The unit vector N = H ⊥ / H ⊥ , called the principal normal of the distribution D ⊥ , and the binormal distribution B = D ∩ N ⊥ are defined on U , and by Lemma 2, we have
Proposition 3. If D = ker ω and gv(ω, T) = 0 then there is no compatible metric g ∈ Riem(M, D, T) such that the distribution D ⊥ = span(T) is harmonic with respect to g.
Example 1 (Case q = 1). Let M 3 be equipped with a plane field D = ker ω (for a one-form ω), and a vector field T such that ω(T ) = 1. Then η = ι T dω. For a compatible Riemannian metric g on M 3 , the unit normal N , the binormal B and the torsion τ of T -curves are defined on an open subset U , where the curvature k of T -curves is nonzero. Then (5) reads η = k N ♭ . Let T be a geodesic vector field on M 3 \ Σ with a Riemannian metric g, and ω = T ♯ . Then η vanishes, hence η ∧ dη = 0.
Example 2. Assume that dim M = 2n + 1 ≥ 2q + 1. Let a q-form ω, a q-vector T and a one-form η be as above. Then the following Godbillon-Vey type invariants are well-defined, see [9, 18] for q = 1:
where s = (s 0 , . . . , s q ), |s| = s 0 + . . . + s q = n. For s 0 = n = q, we get the functional (4). If D = ker ω is integrable, i.e., dω = ω ∧ η, which applying d yields ω ∧ dη = 0; then, since (18) and ω = ω 1 ∧ . . . ∧ ω q hold, we have gv s (ω, T) = 0 for all s 0 ≥ q. To illustrate the above, consider a 3-contact distribution D = ker ω on M 4n+3 with the Reeb field T = T 1 ∧ T 2 ∧ T 3 . Then ω(T) = 1 and η := ι T dω vanishes, see [3] , hence gv s (ω, T) = 0. The above Godbillon-Vey type invariants can be also applied to globally framed f -structures and almost para-φ-structures with complemented frames.
Tautness
Let D be a codimension q distribution on (M, g), and D ⋔ a transverse distribution with a local orthonormal frame {T i }, 1 ≤ i ≤ q. Assume that D ⋔ is oriented and let Ω ⋔ be its volume form:
for all vector fields X 1 , . . . , X q on M . Let H ⋔ be the mean curvature vector field of D ⋔ .
Proposition 4. For any vector field Z on a Riemannian manifold (M, g) one has
For
Denote by D k the linear space of (global) k-forms on M equipped with the C ∞ -topology. Recall that k-currents are continuous (with respect to the weak * -topology) functionals on the Freshet space
of all currents can be equipped with a linear boundary operator ∂ : D → D, the adjoint to the exterior differential d:
Certainly, d 2 = 0 implies ∂ 2 = 0, therefore, one can consider the spaces Z k = ker ∂ ⊂ D k of k-cycles and B k = im ∂ ∈ D k of k-boundaries, and the corresponding homologies
If M is compact then the cone C ⋔ of D ⋔ -currents has compact base. (By a base of a cone C contained in a topological vector space V we mean the set l −1 (1), where l : V → R is a continuous linear functional positive on C \ {0}). Let B ⋔ be the closed linear subspace of D q generated by the boundaries of all Dirac currents
x and x ∈ M .
Definition 2.
A pair (D, D ⋔ ) of transverse distributions is called (1) geometrically taut if there exists a Riemannian metric g on M for which the distribution D ⋔ becomes harmonic and orthogonal to D on (M, g);
(2) topologically taut if C ⋔ intersects trivially the smallest closed linear subspace P ⋔ of D q containing B ⋔ and all Dirac currents
For integrable distributions (D, D ⋔ ) (i.e., a pair of transverse foliations), the above C ⋔ , B ⋔ and the two kinds of tautness were introduced and studied in [22] . Our goal here is to show that the two types of tautness in Definition 2 are equivalent when D ⋔ is integrable. To this end, one has to apply the Sullivan's purification of differential forms, see [19] . If D ⋔ is not integrable then, unfortunately, purification does not enjoy properties needed to prove equivalence of topological and geometrical tautness of the pair (D, D ⋔ ).
Proof. This is similar to proof in [22, Section 3] when also D is integrable.
⇒) Let the pair (D, D ⋔ ) be geometrically taut and g a Riemannian metric making D ⋔ harmonic and orthogonal to D. The volume form Ω ⋔ of D ⋔ on (M, g) is D ⋔ -closed; it is positive on C ⋔ \ {0} and equal identically to zero on P ⋔ . Therefore, C ⋔ ∩ P ⋔ = {0} and (D, D ⋔ ) is topologically taut.
⇐) Assume now that the pair (D, D ⋔ ) is topologically taut. Since, as we mentioned before, the cone C ⋔ has a compact base B, the Hahn-Banach Theorem implies the existence of a continuous linear functional λ : D q → R such that λ = 0 on P ⋔ and λ = 1 on B. The Schwarz's Theorem says that D q is also dual to D q , i.e., each continuous linear functional on D q comes from evaluation the currents in D q on some fixed q-form Ω. Hence, λ represents a q-form Ω: z(Ω) = λ(z) for any z ∈ D q = (D q ) * . Since Ω is positive on C ⋔ , there exists a Riemannian metric g on M for which Ω is the volume form of D ⋔ . Since Ω vanishes on B ⋔ , the distribution D ⋔ on (M, g) is harmonic. Since D ⋔ belongs to the kernel of Ω, we get D ⋔ ⊂ D ⊥ . Comparing dimensions one has D ⋔ = D ⊥ . By (7) , H ⊥ = 0. Thus, (D, D ⋔ ) is geometrically taut.
By Theorem 1 and Proposition 3, gv(ω, T) is an obstruction for topological tautness of (D, D ⋔ ). Proof. This follows directly from [23, Lemma 2] applied to a vector field X = β ♯ satisfying β = ι X dV g and the equality (div X) dV g = dβ.
For variable pairs (ω t , T t ) or metrics g t , denote by the t-derivative at t = 0 of any t-dependent quantity on M . For q = 2 we get (
Lemma 4. Let (ω t , T t ) (|t| ≤ ε) be a smooth family of q-forms and q-vector on M 2q+1 \ Σ satisfying (2) and (8), and let D t = ker ω t . Suppose that g ∈ Riem(M, D, T) and
for some p such that (k − 1)(p − 1) ≥ 1. Then
Moreover, if the variation satisfies
then gv(ω, T ) = (q + 1)
Proof. We use the Taylor expansions ω t = ω+ω t+ω(t 2 /2)+O(t 3 ) and T i (t) = T i +Ṫ i t+T i (t 2 /2)+O(t 3 ). Let η t = ι Tt dω t . Write η t = η +η t +η(t 2 /2) + O(t 3 ). By the above and the use of
Let gv(t) = M η t ∧ (dη t ) q , and write gv(t) = gv + t gv + (t 2 /2) gv + O(t 3 ). By the Stokes Theorem, using Lemma 3, (10) and (12), we get (11) and (13).
From (11) and Lemma 2 we obtain the following.
Proposition 5. Let D = ker ω, g ∈ Riem(M, D, T), and (dη) q = 0, e.g. the normal distribution D ⊥ harmonic. Then (ω, T) is a critical point for gv with respect to all variations obeying (8) and (10).
We will recalculate a general formula (13) (for the second variation of our Godbillon-Vey invariant) at critical points of our Godbillon-Vey invariant gv.
Lemma 5. The following bilinear form on M \ Σ depending on a q-vector T and one-form η:
is symmetric on the space of q-forms α, β on M satisfying
for some p such that (k − 1)(p − 1) ≥ 1, where
Proof. This follows from the following calculation (using Lemmas 1 and 3):
Remark 1. The form (14) serves as the index form for our variational problem for integrable distributions D. Let a Riemannian metric g be compatible with (ω, T), and dV g its volume form. It defines Hodge star operator on the space of differential forms, ⋆ r : Λ r (M ) → Λ 2q+1−r (M ), where 0 ≤ r ≤ 2q + 1. We will not decorate ⋆ with r in what follows. If (15) holds, the self-adjoint Jacobi type operator D : Λ q (M ) → Λ q (M ) corresponding to (14) is given by
Theorem 2. Suppose that D = ker ω be integrable on M 2q+1 \ Σ, and let g ∈ Riem(M, D, T). Then (i) (ω, T) is critical for the functional (4) with respect to all variations obeying (8) and
for some p such that (k − 1)(p − 1) ≥ 1, if and only if the following holds:
(ii) a critical pair (ω, T) is extremal for (4) for all variations obeying (8), (16) and
if and only if the bilinear form J in (14) is definite for all such variations.
Proof. (i). By integrability conditions, dω = ω ∧ η, applying d yields ω ∧ dη = 0. Hence, and assuming ω = ω 1 ∧ . . . ∧ ω q , we obtain dη = q i=1 ω i ∧ α i for some one-forms α i . Thus,
Using (3) and (9), from (11) we get
where β 1 = (q + 1) −1 η ∧ (dη) q−1 ∧η. Here we used identity ω 2 = 0 for locally decomposable q-forms,
we obtain, using Lemma 1,
where β 2 =ω ∧ ι T (dη) q . Using ι T (η ∧ (dη) q ) = η ∧ ι T (dη) q , see Lemma 1, from (19) and (20) we get
For a critical pair (ω, T) with respect to all variationsω obeying (8), the above, (16) and Lemma 3 yield
Applying ι T to the equality Ω = 0 yields (17) . We claim that ι X Ω = 0 for any X = X 1 ∧ . . . ∧ X q+1 ∈ Λ q+1 (T M ) with X 1 and X 2 tangent to D. Note that, since ω is a decomposable q-form obeying (2), ι X dω = 0 and ι T (ω ∧ α) = α + µ, where the q-form µ satisfies ω ∧ µ = 0, . Using this and (18), we find
By (18), we get
Therefore,
This proves the claim. To test vanishing of (q + 1)-form Ω on a basis {T, N, B} defined in Section 1, by the above, the remaining case is with at most one vector from D among components of X = X 1 ∧ . . . ∧ X q+1 , hence all q vectors T i , components of T, participate in X. Thus, ι T Ω = 0 ⇔ Ω = 0.
(ii) We have three independent cases for a pair (ω t , T t ) obeying (8):
(ii) 3Ṫ = 0 andω is a one-form such that ι Tω = 0. When D is tangent to a foliation, variations (ii) 1,2 do not change the functional (4), and only variations (ii) 3 are essential. For such variation (ω t , T), usingη = ι T dω andT = 0 with ι Tω = 0, for a critical pair (ω, T), using vanishing of the q-form Ω in (21), we geẗ
Finally,
From the above and Lemma 3, the claim follows. (17) takes the form (L T ) 3 ω = 0, for more details see [18] .
Integrability in average
In Section 3, we considered variations of integrable distributions among arbitrary ones. One can restrict the space of distributions under consideration to any "reasonable" subspace, for example, to integrable ones. Let us recall that the classical Frobenius Theorem says that the ideal J of forms generated by one-forms ω i , i = 1, . . . , q, is integrable if and only if dJ ⊂ J , that is when there exist one-forms η ij , (i, j = 1, . . . , q), such that dω i = j ω j ∧ η ij . Then
with ω 0 = q i=1 dω i . The above motivates the following. Let a distribution D = ker ω be framed, and ω = q i=1 ω i with the frame (ω 1 , . . . , ω q ) fixed. Set, as before, ω 0 = q i=1 dω i and define functionals J i , i = 1, . . . , q on the space (Λ 1 (M 2q+1 ) q of q-tuples of 1-forms, by 
Set ω i = j =i ω j and ω 0i = j =i dω j for i = 1, . . . , q, so that ω 0 = ω 0i ∧ dω i for any i.
Theorem 3. Let D = ker ω be an integrable framed distribution on M 2q+1 \ Σ. Then (ω, T) is critical for (4) for all variations obeying (8), (22) and inequalities
for some g ∈ Riem(M, D, T) and p such that (k − 1)(p − 1) ≥ 1, if and only if
for some constants λ j ∈ R and i = 1, . . . , q.
Proof. The proof of Theorem 2 together with the formula (α, β) L 2 = M α ∧ ⋆ β defining the inner product in the space of forms, shows that the form Ω of (21), or rather its Hodge star image ⋆ Ω, can be considered as the gradient of the functional gv at ω. Its component (in the L 2 -space of q-forms) tangent to the domain (Λ 1 (M 2q+1 ) q of functionals J i coincides with the sequence (⋆ ( ω 1 ∧ Ω), . . . , ⋆ ( ω q ∧ Ω)) of q one-forms. For any i we have
This shows that the system
By the Lagrange multipliers method, a point (ω, T) is critical for the functional gv restricted to the space Λ 1 (M 2q+1 ) q if and only if the gradient of gv| Λ 1 (M 2q+1 ) q coincides with a linear combination (with constant coefficients) of the gradients of J i . This is equivalent to the statement of our Theorem.
Remark 3. Condition J i (ω) = 0 is weaker than the pointwise condition ω i ∧ ω 0 = 0, which also is weaker than integrability of ker ω i . Certainly, (23) yields
but the converse is not true: (24) implies that the forms ⋆ ( ω i ∧Ω) are linear combinations of ⋆ (δ ij ω 0 − dω j ∧ ω 0i ) but the coefficients may depend on i and vary over M . For q = 1, (23) reads as
and (24) tells us that the three-form on M 3 representing gv(ω, T ) is invariant under the flow of T , that is, see also [18] , L T (η ∧ dη) = 0, and (22) reads as condition for one-form ω:
It is rather difficult to find explicitly the derivative of the functional (4) for all variations among foliations, see [1] . Therefore, in the next corollary we present just a condition sufficient for being critical point (foliation) of (4) with respect to such variations. Corollary 2. Let F with T F = ker ω be a codimension q foliation of M 2q+1 . If (23) holds for any (ω, T) such that ι T ω = 1, then gv(F) is infinitesimally rigid, i.e., gv(F) = 0 for any infinitesimal deformation of F among foliations. Proposition 6. Let g be a Riemannian metric and D = ker ω a mixed totally geodesic distribution with respect to {N } and B on M 2q+1 \ Σ. If either D ⊥ or B is integrable and H ⊥ (or N ) is parallel along D ⊥ then (ω, T) is critical for (4) with respect to all variations obeying (8) and (16) .
Examples
Proof. By integrability of either D ⊥ or B and Theorem 4, equality (36) holds. Thus, conditions yield vanishing of ι T (dη) q . By Theorem 2, (ω, T) is critical for (4), when ι T (dη) q = 0. Corollary 3. Let D = ker ω on M 2q+1 with a metric g, D ⊥ tangent to a Riemannian foliation and N parallel along its leaves. Then (ω, T) is critical for (4) with respect to all variations obeying (8) .
Let (B, g B ) and (F, g F ) be Riemannian manifolds and φ > 0 a smooth function on B × F . The twisted product M = B× φ F is the manifold M = B×F with the metric g = π * g B +(φ•π) 2 (π ′ ) * g F , where π : M → B and π ′ : M → F are projections. The fibers {x} × F (x ∈ B) are totally umbilical, and the leaves B × {y} (y ∈ F ) are totally geodesic. If we regard π : B × φ F → B as a submersion, then the fibers are conformally related with each other; this gives us a conformal submersion. If φ depends on B only, the twisted product becomes the warped product.
Lemma 6 (see [6] ). Let M = B × φ F be a twisted product. Then (i) fibers {x} × F are totally umbilical in M with the mean curvature vector −(∇ log φ) ⊤ , (ii) fibers have parallel mean curvature if and only if φ = φ 1 φ 2 with φ 1 ∈ C 2 (B) and φ 2 ∈ C 2 (F ).
where {T i } are tangent to the fibers, and D is tangent to the leaves. (i) If φ is the product of functions φ 1 ∈ C 2 (B) and φ 2 ∈ C 2 (F ) then (ω, T) is critical for (4) with respect to all variations obeying (8) . (ii) In particular, if B q+1 × φ F q is a warped product, then (ω, T) is critical for (4) and gv(ω, T) = 0.
Proof. By our conditions, the leavesM × {y} are totally geodesic: h = 0. Let the fibers F q × {y} have mean curvature vector H ⊥ . Thus the claims follow from Proposition 6 and Lemma 6.
Let a function f (r) (r ≥ 0) of class C k has vertical asymptote at r = r 0 > 0 and satisfies f (0) = 0. The foliation within a Reeb component in the solid torus D 2 × S 1 can be defined by the equation ω = 0, where ω(r, t) = cos µ(r) dt − sin µ(r) dr, µ(r) = arctan f ′ (r), (r, θ) are the polar coordinates in the disc D 2 = {0 ≤ r ≤ r 0 } and t is a parameter along the circle S 1 , see e.g. [20, 21] . Since µ(0) = 0 and µ(r 0 ) = π/2, then ω(0, t) = dt (hence D(0, t) = {∂ r , ∂ θ } -tangent plane to D 2 at the origin) and ω(r 0 , t) = −dr (hence D(r 0 , t) = {∂ t , ∂ θ }). Gluing two foliated solid tori yields a Reeb foliation of a sphere S 3 . We will show that critical foliations have singularity set Σ, the axis r = 0, in this case we assume f ′ (0) = 0. It seems reasonable that critical foliations are singular. It is a bit like minimizing the total curvature of a curve with the axis of symmetry leads to the graph of x → |x|, which is not differentiable at 0.
The following result is a suitably modified analogue of the one in [18] . 
(ii) and all variations obeying (26), if and only if f solves the following Cauchy's problem with real parameters λ, A 1 , A 2 and A 3 :
Then we observe that gv(ω, T ) = 0:
therefore, η ∧ dη = 0. To verify (17) with q = 1, we then find
(i) According to (17) with q = 1, a pair (ω, T ) is critical for the action gv : (ii) By the above, (ι T d) 3 ω is parallel to η, and (25) holds if the ratio is constant,
From this, with the little aid of Maple calculations, we yield (28). 
For a complex-valued vector field T c = T 1 + i T 2 we may assume ω j (i T k ) = i ω j (T k ), then If (31) holds, then there is a complex-valued one-form η c = η 1 + i η 2 such that
moreover, the complex-valued one-form η c in (33) can be chosen by
Indeed, we have The following fundamental example belongs to R. Bott, see e.g. [2] . Consider a holomorphic vector field X λ = j λ j z j ∂ z j on C q+1 , where (z 0 , . . . , z q ) are standard coordinates and λ i = 0 are complex numbers. Let the convex hull of λ 0 , . . . , λ q does not contain the origin. A foliation of C q+1 by orbits of X induces a one-dimensional foliation (flow) F λ of the unit sphere S 2q+1 . This flow is transversely holomorphic of complex dimension q, and gv(F λ ) = ( j λ j ) q+1 / j λ j . Hence, the Bott invariant (of the flow above) is non-trivial and admits continuous variations. However, the Godbillon-Vey invariant is rigid under both actual and infinitesimal deformations in the category of transversely holomorphic foliations, see [2] . Notice that for real q-forms α, β, the following equalities hold: d(α+i β) = dα+i dβ,
Thus, the results of Sections 1, 3 and 4 (Theorems 3 and 4) are valid for complex-valued forms and vector fields.
Metric formula for the Godbillon-Vey type invariant
The following Godbillon-Vey type functional is defined for any Riemannian metric on (M, D): N, B) is positive oriented. This gv D helps us to study the question: What are the best in a sense metrics on a manifold endowed with a distribution D? Such metrics are proposed to be among critical metrics of the action (35). The 2q-form (dη) q can be expressed on U in terms of extrinsic geometry of D and D ⊥ .
Theorem 4. If either D ⊥ or B is integrable then the Godbillon-Vey class of (ω, T) can be represented by the form η ∧ (dη) q given by
Proof. If either D ⊥ or B is integrable, then -respectively -either dη(T i , T j ) or dη(B i , B j ) vanish, see Lemma 7 in what follows. Hence,
where S q is the group of all permutations of the set {1, . . . , q}. By Lemma 7 again, (36) holds.
Remark 5. For q = 1, the vector field T spans D ⊥ on (M 3 , g). Let {T, N, B} be the Frenét frame, and k and τ the curvature and the torsion of T -curves. Then (36) reads as
see [18] and, for integrable D, [16] .
Remark 6. In [17] we introduced geometric invariants for n-tuples, n ∈ N, of square matrices, or, endomorphisms. Given n such matrices A = (A 1 , . . . , A n ), consider the polynomial of n variables,
the coefficients σ λ (A), λ = (λ 1 , . . . , λ n ) ≥ 0 at t λ 1 1 · . . . · t λn n are invariants of our set of matrices. Set |λ| = λ 1 + . . . + λ n . Taking t 1 = . . . = t n = t and comparing the coefficients at t q , this yields det(A 1 + . . . + A n ) = |λ|=q σ λ (A).
Formula (36) allows to express the form η ∧ (dη) q in terms of invariants σ λ (A 1 , A 2 ) of two liner transformations depending on the extrinsic geometry of the almost product structure (D, D ⊥ ) on (M, g):
hereafter, ∇ ⊤ denotes the connection in the bundle D generated by the Levi-Civita connection on (M, g). These maps transform one of the spaces B and D ⊥ , into another and are represented in positive oriented orthonormal frames by q-by-q matrices. With this notation, using (37) with n = 2, i.e., det(A 1 + A 2 ) = k+l=q σ k,l (A 1 , A 2 ), (36) reads as (η ∧ (dη) q )(T, N, B) = − H ⊥ q+1 k+l=q σ k,l (A 1 , A 2 ).
The integrability tensor T of D (vanishing for D tangent to a foliation) is
Let B i (i ≤ q) be an orthonormal local basis of B. Set div ⊥ Q = j ∇ T j Q, T j for a tensor field Q. 
(ii) We haveẊ = i (−1) i−1Ẋ i ∧ T i ,Ẋ i =Ṫ i andω = 0. Sinceη = ιẊ dω, see (9), we get (η ∧ (dη) q ) = (q + 1) ιẊ dω ∧ (dη) q − d(η ∧ (dη) q−1 ∧ ιẊ dω).
Then we obtain ιẊ dω ∧ (dη) q (T, N, B) = dω(Ẋ, N ) (dη) q (B, T)
and (41) follows from the above.
Remark 7. If the distribution B is integrable then the factor in the right hand side of (40), see also (41), is
and if, in addition, the distribution D ⊥ is integrable then the factor in the right hand side of (42) is
where S j q−1 denotes the group of all permutations of the set {1, . . . ,ĵ, . . . , q}.
Variations of metric
Let g = g 0 ∈ Riem(M 2q+1 , D, T) and g t (|t| < ε) be an arbitrary one-parameter family of metrics on (M, D). Note that the symmetric (0, 2)-tensorġ has only (q + 1)(2q + 1) independent components. A family g t preserving a metric on D is called g ⋔ -variation: its tensorġ has 3 2 q(q + 1) nonzero components {ġ T i ,T j =ġ T j ,T i ,ġ T i ,N ,ġ T i ,B k }. Variations g t , with only 1 2 q(q + 1) nonzero components {ġ B i ,B j =ġ B j ,B i } preserve both D and D ⊥ , and thus produce trivial Euler-Lagrange equations for (35). If D is integrable then (35) is constant, hence Euler-Lagrange equations are trivial.
An arbitrary g ⋔ -variation of a Riemannian metric g can be decomposed into two cases:
(i) g varies along D ⊥ only; (ii) variations preserve g on D and {T i } but disturb their orthogonality.
Thus, we can divide all nonzero components ofġ into two sets: {ġ T i ,T j } and {ġ T i ,N ,ġ T i ,B k }.
Theorem 5. Let T i (1 ≤ i ≤ q) be linear independent vector fields transverse to a codimension q distribution D = ker ω on M 2q+1 \ Σ. Then g ∈ Riem(M, D, T) is critical for gv D in (35) with respect to all variations g t obeying (8) and
